We derive the analog of the Cachazo-Svrček-Witten (CSW) diagrammatic Feynman rules for four dimensional Yang-Mills gauge theory coupled to a massive colored scalar. The mass term is shown to give rise to a new tower of vertices in addition to the CSW vertices for massless scalars in non-supersymmetric theories. The rules are derived directly from an action, once through a canonical transformation within light-cone Yang-Mills and once by the construction of a twistor action. The rules are tested against known results in several examples and are used to simplify the proof of on-shell recursion relations for amplitudes with massive scalars.
Introduction
Yang-Mills theory underlies all particle physics models including the Standard one, and the ability to make precise predictions for upcoming scattering experiments at for instance the LHC is therefore of paramount importance. Inspired by Witten's observations on twistor-space properties of Yang-Mills amplitudes [1] , many new efficient methods for the calculation of these have become available in recent years. One example important for this paper are new Feynman-like rules proposed by Cachazo, Svrček and Witten (CSW) [2] where off-shell continuations of maximally helicity violating (MHV) gluonic amplitudes [3] are used as vertices in diagrams. This gives a dramatic reduction in the number of Feynman diagrams one has to calculate for a given process.
Although originally only proposed for tree level applications, it was quickly realised that the CSW rules can also be applied to calculate the so-called cut-constructable pieces of one-loop amplitudes [4] . They can also be extended in a straightforward way to those tree amplitudes for massless particles which are related by supersymmetry to glue [5] and to single external massive Higgs or gauge bosons [6, 7] . However from the point of view of phenomenology one would like to have rules for general propagating massive particles, and to find these it is important to know how they can be derived within field theory.
For this the on-shell recursion relations of Britto, Cachazo, Feng and Witten (BCFW) have been used to give indirect evidence [8] and a direct proof [9] . A second approach [10] (see also [11] ) uses a canonical transformation to bring the Yang-Mills Lagrangian in lightcone gauge to a form which appears to involve only MHV vertices. This transformation was constructed explicitly in [12] , where it was verified that the first 5 vertices indeed form off-shell MHV vertices. In a third approach initiated by Mason [13] , the complete CSW rules were derived from an action written directly on twistor space by a specific gauge choice, where another gauge choice reduces the action to space-time form [14, 15] . These developments have also allowed progress on the use of CSW-like methods in pure YangMills theory on the one-loop level and led to several proposals for the construction of the rational parts of one loop amplitudes [16, 17, 18] .
In this paper we will present CSW rules for massive colored scalars derived by both the canonical transformation as well as the twistor action method. Since amplitudes with massive scalars are directly related to those with massive quarks by supersymmetry [19] our results are directly relevant for phenomenology. Furthermore, we expect that similar rules can be derived along these lines also for the full particle spectrum of spontaneously broken gauge theories. Finally, our results can provide insight into the calculation of the rational part of one-loop amplitudes in the CSW approach [20] .
The rest of this paper is organised as follows: In section 2 the CSW rules for massive scalars are presented and some examples are worked out. The two methods of derivation are sketched and compared in section 3. Some further examples for the application are discussed in section 4, including a simplification of the proof of the BCFW recursion relations for amplitudes including massive scalars [21] . Technical details, a derivation of CSW rules resulting from an effective Higgs-gluon vertex and a detailed discussion of the equivalence of the light-cone and the twistor Yang-Mills will be given elsewhere [22] .
2 The rules and examples
Notation
A massive four-dimensional scalar φ in the fundamental representation coupled to YangMills theory is described by the Lagrangian
where D µ = ∂ µ − igA µ and A µ = T a A a,µ with T a the generators of the fundamental representation of the gauge group. Below the two-component spinor notation will be used where to every light-like four-momentum two spinors π α p = |p− and πα p = p−| are associated that satisfy p αα = p µσ µαα = π α p πα p . The dotted spinors will be referred to as 'holomorphic' and the un-dotted ones as 'anti-holomorphic' ones, following the conventions of [15] which are opposite to the ones in [1] . Lorentz invariant spinor products are defined by pq = p − |q+ = πβ p πα q εαβ = πβ p π q,β and
Lightcone components of the momenta are defined by
. These conventions mainly follow [16] . In terms of the light-cone components the spinors can be taken as
and vertices in this article are color-ordered [23] using the same conventions as in [19] . The sub-leading color structures appearing for four or more particles in the fundamental representation will not be considered in this paper.
CSW vertices for a massive scalar
As will be shown below, the CSW rules can be derived by a field transformation from 2.1.
The new field variables areB, B, ξ andξ where B corresponds to the positive helicity gluons andB to negative helicity gluons. The other fields are the scalar and it's complex conjugate which will be treated as independent fields. In these variables the rules have the following vertices:
and an additional tower of vertices with a pair of scalars and an arbitrary number of positive helicity gluons that is generated from the transformation of the mass term: The propagators are given by i/(p 2 − m 2 ) for the scalar fields and i/(p 2 ) for the gluons. Off-shell spinors are defined as usual in the CSW rules [2] using an arbitrary but fixed anti-holomorphic spinor η a :
Spinors corresponding to on-shell massive scalars are defined in the same way. External wave function normalisations are already included in the vertices. In the light-cone gauge approach to the CSW rules [10] the spinors are defined in terms of the light-cone components (p + , p z , pz) also for off-shell momenta. This corresponds to the off-shell continuation (2.6) with a fixed reference spinor η α ∼ (0, 1) T [10] but the derivation of the CSW rules can be extended to arbitrary off-shell continuations [22] . Scattering amplitudes calculated with the above rules will be independent of η, which follows from both derivations.
The rules presented above, and in particular the vertex (2.5) generated by the mass term of the scalars are the main result of this paper. The rules differ even for massless scalars from the supersymmetric ones considered in the literature [5] , since in that case the space-time action contains an extra φ 4 interaction. In contrast to the CSW formalism for massless particles, the massive vertices do not correspond to off-shell continuations of on-shell scattering amplitudes. Furthermore, in the massless scalar case the number of vertices in the CSW diagrams is fixed to be d ≡ n − − nξ − 1 with n − the number of externalB lines and nξ that ofξ lines. For massive scalars the number of massless MHV vertices (2.2)-(2.4) remains equal to d but they appear in all possible combinations with the mass-vertices (2.5).
Since the vertex (2.5) is holomorphic, it localises on a line (CP 1 ) in twistor space. Therefore massive scalar amplitudes do not localise on simple geometric structures in twistor space. Instead, they are in general a sum of terms which localise on lines in twistor space connected by massive propagators. This is illustrated in figure 1 for an amplitude with three positive helicity gluons. The maximum number of lines which contributes is equal to the number of gluons in the amplitude. The failure to localise on a simple structure in twistor space is a simple manifestation of the fact that massive scalars are not invariant under the conformal group.
Examples
As a check, here the rules presented above will be shown to reproduce known results for the three-and four-point amplitudes [24, 21, 25] .
The most interesting three point amplitude is that of two scalars and a positive helicity gluon. The space-time vertex which generates this is eliminated by the transformation to the new field variables but an interaction of the same field content reappears in the vertex (2.5) generated by the transformation of the mass term. Since the spinors associated to the scalars are defined through (2.6) this vertex can be written as
From the last form, it follows that this vertex vanishes if |η− = |2− , which will be useful in calculations below. The only exception to this is the three-particle amplitude where the denominator has a simultaneous pole for this choice of reference spinor. For on-shell particles the expression (2.7) is equivalent to the vertex contained in the original action (2.1) written in spinor-helicity form [21] :
This supports a general argument [22] that there are no equivalence theorem violations for massive particles. Note that the vertex (2.8) as well as (2.7) is only independent of the choice of η if the external particles are on-shell [21] . It is easy to see that the other threepoint vertex (2.3) agrees with the result from the original action which is the conjugate of (2.8).
For the amplitude with two positive helicity gluons and two scalars the calculation simplifies for |η− = |2− where the second term vanishes:
The four-point function with one positive and one negative helicity gluon also contains a diagram with a three-gluon MHV vertex and a mass-vertex:
Setting |η− = |3− only the first term survives and the known result [21, 25] is obtained
3 Derivation
Derivation from a canonical transformation
The derivation of the CSW rules for massive scalars using a canonical transformation follows similar lines as the discussion of pure Yang-Mills theory in [10, 12] . In the lightcone gauge A + = 0 the Lagrangian only contains the physical components A z (the positive helicity gluon) and Az (the negative helicity gluon) and the scalars [16, 22] . The only non-MHV coupling in the gluon Lagrangian can be eliminated [10] in favour of a tower of MHV-like couplings by transforming from the fields A z and the conjugate momenta ∂ + Az to new variables B and momenta ∂ +B . The light-cone gauge Lagrangian of the scalars [16, 22] contains also a non-MHV type cubic interaction of the scalars and a positive helicity gluon that can be eliminated by an additional canonical transformation from the scalars and the canonical momenta ∂ + φ † to new variables ξ and momenta ∂ +ξ together with a modification of the transformation of the conjugate gluon momentum. The transformation is chosen to be the same for massive and massless scalars. Using methods similar to the ones used in pure Yang-Mills in [12] , it is found to be [22] 
and an identical transformation for φ † . In (3.1) the integration measure is defined by dk = dk + dk z dkz/(2π) 3 and a delta-function (2π) . Arguments of [10] suggest that these vertices are indeed the MHV vertices for massless scalars. Since the mass term was not taken into account in the definition of the transformation (3.1) it is not left invariant but is transformed into a tower of vertices with only positive helicity gluons with a vertex function V CSW as given in (2.5).
Twistor derivation
In the twistor action approach [14, 15, 17] off-shell gauge fields and scalars on space-time are related directly to fields on twistor space in Euclidean signature (CP 3 = R 4 × CP 1 ). For scalars in the fundamental representation this relation is given by
where π parametrises the sphere. The holomorphic frame H[B 0 ] is the solution to (∂ 0 + B 0 )H = 0, with boundary condition H(η) = 0 for some point η on the Riemann sphere. B 0 and B α are the parts of a (0, 1) form pointing along the sphere and space-time respectively. For more details see [17, 22] . The scalar mass term is expressed in terms of the twistor-fields as
The remaining terms of the action are given by the truncation of the N = 4 twistor action [14] to just glue and one scalar and it's complex conjugate, evaluated in the fundamental representation. In addition one has to subtract (the lift of a) φ 4 vertex contained in the N = 4 twistor action. Choosing the axial 'CSW gauge' condition [15] 
eliminates the interaction vertex in the holomorphic Chern-Simons term in the N = 4 action. In addition, one obtains propagators
The frame-fields can be expanded using the relation
Using the delta-functions in the propagators the mass term (3.5) is seen to lead to the vertex (2.5). The remaining interaction vertices in the truncated N = 4 action give rise to the usual MHV vertices [15] . Equation (3.1) and (3.3) can be seen to be equivalent when expanding out the latter and performing all sphere integrals using the delta functions. This will be discussed further in [22] .
Simple applications
As applications of the CSW representation for massive particles we consider three examples: a simplification of the proof of the BCFW recursion relations for massive scalars, the structure of the amplitudes with only positive helicity gluons and a simple way to obtain the leading contribution of scattering amplitudes in the limit of a small mass.
BCFW recursion for massive scalars revisited
In the BCFW relations one picks two particles with momenta k i and k j and shifts the associated spinors into the complex plane. If both particles are massless, the shift is defined as
If particle j is massive, it's momentum can be decomposed into a sum of two light-like vectors according to
In this case the shift is defined as [26] 
The linchpin of the proof presented in [8] is that the scattering amplitude considered as a function of the complex variable z must vanish as z → ∞. For a shift of a negative and a positive helicity gluon (g
this can be demonstrated using an analysis of Feynman diagrams [8] while more involved methods have to be used for shifts of particles with the same helicity [21, 26] . For pure Yang-Mills amplitudes the validity of these shifts also follows from the CSW representation [8] .
The CSW representation introduced in section 2 allows to apply the arguments of [8] to amplitudes with massive scalars, leading to a more direct proof of the (g [21, 26] . Consider the case that both gluons (g
are connected to the same vertex in a CSW diagram. From the explicit form of the vertices (2.2)-(2.5) it is easy to see that the diagram falls off at least as z −1 . To discuss the diagrams where the gluons are connected to different CSW-vertices it is convenient [8] to use the off-shell continuation |η− = |i− . For this choice the spinor products involving internal momenta are all independent of z. Since the z-dependent propagators behave like z −1 at large z, the vertex containing gluon i vanishes as z −2 and the vertex containing gluon j is independent of z, it is clear that the amplitude vanishes as z → ∞ as was to be shown. For the shift of a massive scalar and a positive helicity gluon (g + i , φ j ) the same off-shell continuation ensures that the CSW vertices are not affected by the shift of the massive scalar. The vertices containing gluon i vanish at least as z −1 and the same argument as above applies.
Amplitudes with positive helicity gluons
The simplest amplitudes with a pair of massive scalars are those with only positive helicity gluons. Using the shift (4.1) for (g
, they satisfy the recursion relation [25, 27] A
with the intermediate momentum K
A compact solution of (4.3) for arbitrary n has been found in [27] .
In the CSW formalism for massive scalars, the all-plus amplitudes with a pair of massive scalars are given by diagrams that only contain the mass-vertices (2.5). As sketched in figure 2, they can be obtained recursively from a relation involving currents with one off-shell scalar (denoted by a hat) Here the two-point function is defined as
. Using (4.4) iteratively, the n-particle amplitude is expressed as a sum of diagrams with 1, 2, . . . n − 2 mass-vertices, summed over all possible distributions of the gluons. This corresponds to the obvious generalisation of the twistor-space structure sketched in figure 1 .
To check that the on-shell amplitude obtained from (4.4) satisfies the relation (4.3), consider a complex continuation of the amplitude, A n (z), defined by performing the shift for arbitrary values of the complex parameter z. For the choice |η− = |2− for the off-shell continuation of the CSW vertex the j = 2 term vanishes because it includes a three-point mass-vertex with the gluon B 2 . In addition the z-dependence drops out of the spinor products involving |K ′ 1,2 + . In all terms in (4.4) with j = 2, the z-dependence comes only from the denominator of the CSW vertex through the spinor product
so it is seen that the only pole of A n (z) is at z 1,2 . The CSW vertices evaluated with the shifted spinors factorise into the product of a CSW vertex with one leg removed, a scalar propagator with the shifted momentum and a three point vertex (2.8) (with |η+ = |3+ ):
where the CSW vertex is independent of z. Inserting this result into the CSW representation (4.4) the sum over j can be performed to obtain the on-shell amplitude with one leg removed. Setting z = 0 we obtain the recursion relation (4.3) as was to be shown.
Limit of small masses
Since the vertex (2.5) is proportional to m 2 , the rules presented in section 2 allow to obtain the leading piece of the amplitudes in an expansion in powers of the mass in a simple way. For instance, the leading contribution to the all-plus amplitudes (4.4) arises from the n − 1 term which contains a single vertex. At leading order in m 2 the vertex is independent of the reference spinor η. This can be seen by decomposing a massive momentum as
2ηk)η with the same η α as in the off-shell continuation (2.6). One can then approximate
where |p 1 − is an arbitrary spinor. Using this identity for |p 1 − = |2− and an analogous one for leg n with |p n − = |(n − 1)− , the spinor products in (2.5) that involve the massive legs can be approximated as
Different choices of the arbitrary spinors |p 1/n − are equivalent at O(m 2 ). In this way, the leading term of the all-plus amplitudes [24] is obtained from a single CSW vertex:
The leading piece of the amplitudes with one negative helicity gluon is obtained from the vertex (2.3), in agreement with [25] up to terms of order m 2 :
Conclusions and outlook
In this paper we have shown that Lagrangian methods for the derivation of the CSW rules [10, 12, 15] can be used to obtain new diagrammatic rules for massive particles.
As a by-product we have also elucidated the twistor structure of massive amplitudes and generated the complete CSW rules for general massless scalars, slightly improving on results in the literature obtained using supersymmetry [5] . As a first example a massive colored scalar was discussed but we expect that our methods can be extended to general spontaneously broken gauge theories. The construction differs from the MHV rules for massless particles since the vertices are not given by an off-shell continuation of on-shell amplitudes. Therefore it appears difficult to obtain our rules using the method of [9] that involves only on-shell amplitudes. As an example for the usefulness of the CSW representation, it was shown to simplify the proof of the BCFW recursion relations. It was also shown how to obtain the leading piece of scattering amplitudes in an expansion in the mass. As another application of the approach presented here, we will discuss the derivation of the CSW rules for an effective Higgs-gluon coupling [6] in a forthcoming publication [22] .
Although the number of contributing diagrams in the massive CSW formalism is not as small as in the massless case, we believe our formalism is a significant improvement compared to the usual Feynman diagrammatic approach since all simplifications related to the purely gluonic pieces of scattering amplitudes are incorporated automatically in the vertices. For the application to large multiplicity scattering amplitudes it would be helpful to sum up the vertices with only positive helicity gluons by solving (4.4). We expect that this equation can be solved with methods similar to the ones used in [27] . Finally, through the supersymmetric decomposition, amplitudes with massive scalar-loops calculate the rational parts of one-loop Yang-Mills amplitudes and we expect that our results also provide insight into this problem. Work in this direction is in progress.
